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Abstract. The primary purpose of paper is to define and study a novel
type of graph function under the idea of "* Gem-Set" named p~*-closed
graph , o”~*-closed graph and [sem] ~*-closed graph , then we
WTERTIONAL define KM-map , [KOJ] ~*-map , T"*-map and T~(**)-map , then
sc'ENﬂFZc: we are study the properties of it's and the relationships with our
function .
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1. Introduction

In the product space, each continuous function from a topological space to a T,-space has
closed graph. This symmetry of a continuous function with its graph allows one to view it as an
element from the space "of closed subsets of the product space and" consequently to award the
space of "continuous functions C(X,Y) with the relative topology of set- convergence of Choquet
[2] and" Kuratowski [4].In 2020 Rana , Reem & Hairan[8] introduced the 8-Continuity in Micro
Topological Spaces. It is known that, for a function f : R — R with a closed graph, a sufficient
and necessary condition for being continuous is the connectedness of the graph Burgess [1]. They
said to g is closed graph if graph of g is the set {(z, g(z)) : z € Z} is a closed subset of the product
space Z x Y . g is strongly closed graph if z € Z,y €Y, y=g(z) infers there exist two open set R
and H contained z and y such that g(R) n ¢l H = @ L.L. Herrington [5]. We use the idea of "Gem
Set" to define ore closed graph function. That is, put (Z, 7 ) is a topological space , A € Z,z €
Z , then A** with regard to (Z,7) as follows : A ={y € Z:GNA & I,,foreveryG €
T(y)} where T(y) ={G €T:y€ G}, Aset A is called "Gem-Set" AL-Swidi & AL-Nafee
[6]. An ideal for a one point and denoted by I, [5] , the ideal on a topological space (Z,t) at
point z is well-defined by I, ={V € Z:z €V}, where V is a non-empty subset of Z .
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2. Preliminaries
Recall that the graph function : Let g: (Z,7) — (Y, g). Graph function of g is the subset of

Z x Y defined by G(g) = {(2,9(2)); z € Z}. The ideal to z denoted by I, [4] , An ideal I, on a
topological space (Z,7) at point z is defined by I, ={VcZ:z €V}, where V is a non-
empty subset of Z .
Definition 2.1 [6]: The mappingh:(Z, 1) — (R, p) is named:

. I"—map iffVK<SZ z€Z,h(K?) = (h(K))"®

. I —map iff VKSR, r€R, k"1 (K") = (h"1(K))* @,
Definition 2.2 [7] : The mapping h : (Z,t) — (R,p) Iisnamed:

. hisA—map atz€Z iff VL €CR ,3K €Z s.t h(K*?) € L*"® |

. his AO —map iff VK €Z ,3L SR s.t L' Ch[K*™ ™,
Definition 2.3 [6 ]: (Z ,7) is a topological space , K ©Z , K is called prefected set if K** € K ,
foreachz e Z .
Definition 2.4 [3]: The function h : Z — R is said to have a strongly closed graph iff for each
z € Z and each r € R such that r # h(z) , there exist an open subset U containing z in Z and
open subset V containingrinR s.t (UXV)NG(h) =0 .
Definition 2.5 [3]: The function h : Z — R is said to have a 8-strongly closed graph iff for each
z € Z and each r € R such that r # h(z) , 3 open subset U containing z in Z and open subset IV
containingr inR s.t (UXV)NG(h)=0.
Definition 2.6 [6]: (Z ,7) is a topological space called I* — T, spaceiff Vz #rof Z,3A,B #
PofZs.t A“NB" =Q,withr &€ A% andz & B™ .
Definition 2.7 [6] : (Z ,7) is a topological space called a strongly -space (briefly s-space ) iff
VA+@, Ac Xisstrongly subset
Proposition 2.8 [6 ]: Let (Z ,t) be atopological space , and let A and B be a subsets of Z and z €
Z .Then A*? c A.
Proposition 2.9 [6]: Let (Z ,t) be atopological space , and let A and B be a subsets of Z and z €
Z.ThenlfzeZ.Thenze Aifandonly if z € A* .
3. The novel graph function and properties of it

We present in this section , a novel graph function with the “Gem-Set” , that is to say , 8*-

closed graph , B**-closed graph , w*-closed , s*-closed graph , s**-closed graph and A*, AO*, T",
T** - maps, In addition to studying its properties and its relationship with the compacted space .
Definition3.1 : Leth : (Z,7) — (R ,p ), We tell the function that it is:

1. B* — closed graph iffVze€Z,r € R,r # h(r) there exists a subset K inZ

containing z and subset L in R containing r,s.t (K X "pr(L))NG(h) = 0.

2. B — closed graphiff Vz € Z,r € R,r + h(r) there exists an open subset K

in Z containing z and open subset L in R containing r,s.t (K X “pr(L)) nG(h) = 0.
Proposition 3.2 :The function h from Z topological space into R prefected topological space, h
has g**-closed graph function if f for each z € Z and each r € R s.t r # h(z) there exists open
subset K containing z in Z and open subset L containingr inR ,sth(K)NL=0.
Proof : Let z € Z and each r € R such that r # h(z) . Since G (h) is f**-closed so there exist
open KSZ ,z€Kand open LR ,r€L , h(K)n*pr(L) =0 , by hypothesis R is
prefected space so L = “"pr(L) . Sowe getthat h(K) NL =@ .
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Conversely : Letz € Z and each r € R such thatr # h(z) ,3open K € Z,z € K and open
LS R,r €L .Byhypothesish(K)NL =@, and R is prefected space so L = *"pr(L) . So we
get that h(K) n "pr(L) = @ . Thus h has g**-closed graph function .

Proposition 3.3 : The function h from Z topological space into R prefected topological space , h
has 8*-closed graph function if f foreach z € Zandeachr € R s.t r # h(z) ,3asubset K in Z
,Z€KandsubsetLinR,r€L ,s.t h(K)NL=0.

Proof : The proof by the same way of above proposition .

Definition 3.4 : Leth : (Z,©) — (R ,p ), thenh has w* — closed graph iffVzE€ Z,r € R,r #
h(z) there exists subset K < Z containing z and 3 open L S R containing r , s.t (K™ X L) N
Gh)=0.

Proposition 3.5 : The function h from Z topological space into R topological space , h has w* —
closed graph if VYzeZ,reR S.t.r # h(z),3 K S Z containing z and 3 open L <
R containing r,s.t. A((K)NL=0.

Proof : Let z€ Z and each r € R S.t.r # h(z) ,3 K S Z containing z and 3 open L S
R containing r . By hypothesis h(K) n L = @ and by proposition (2.8) so K*2 € K . So we get
that h(K*?) € h(K) . Therefore h(K*?) n L = @ . Thus h has w* — closed graph function .
Definition 3.6 : Leth :(Z,7) — (R ,p ), We tell the function that it is:

1. sem* — closed graph iff vzeZ,reR,r+h(z) , 3 K c
Z containing zand 3 L € R containing r,St. (K*XL")NG(h) =0 .
2. sem™ — closed graph iff vzeZ,reR,r+h(z) , 3 open KC

Z containing z and 3 open L € R containing r,S.t. (K*”* X L") N G(h) = Q.
Proposition 3.7 : The function h from Z topological space into R topological space , h has sem™ —
closed if Vze€Z,reER S.t. r + h(z),3 K € Z containing zand 3 L <
R containing r,s.t. ((K)NL=0.
Proof : Let z€eZ and each reR S.t.r # h(z) ,3 K S Zcontainingzand3 L <
R containing r . By hypothesis . h(K) N L = @ and by proposition (2.8) soK*? € K and L'" <
L. So we get that h(K*?) € h(K) . Therefore h(L) N L*" = @ . Thus h has sem* — closed graph
function .
Proposition 3.8 : The function h from Z topological space into R topological space , h has
sem™ — closed if VzeZ,reR S.t. v+ h(z),3openK <
Z containing z and 3 open L € R containing r,s.t. A(K)NL =0
Proof : The proof by the same way of above proposition .
Note 39 : Leth : (Z,7) — (R,p) , for any subset V of Z we define q(V) as q(V) =
V x h(V) , where q is a function from (Z,t) to (Z X R, T X o) .
Definition 3.10 : Leth : (Z,7) — (R,p) andq: (Z,7) = (Z X R, T X 0):

1.  wesaythatqis K*-mapif q(V*?) € (V x h(V))*@"@) foreachV € Z and z €

Z .
2. we say that g is KO*-map if (V x h(V))*®"@) c G(v*%) , for each V ©
Zand z € Z.

3.  wesaythat g is J*-map if q(V*?) = V** x [h(V)]"*® ,foreachV € Zand z € Z
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4. we say that q is J**-map ifg(B*Y x "1 (B*")) = (h"1(B))*"' ™, for each B C
Randr €R.
Note 3.11 : We let q:(Z,7) — (Z X R,t X 0) then we get that : Always V** x B*" C
(V x B)*@" |
Proof : Let (c,d) € (V**x B*") such that ce V** and d € B*" . Then K.NnV ¢ I, , VK, €
tandLyNB &I, ,VL;€o.S0K.XLs; €T X0 .Hence (c,d) €K, XL; €TX0o.So we get
that K. XLy NV X B & Iiznczy - Therefore (c,d) € (V x B)*@" . Thus V*2 X B*" < (V x
B)*(z,r) )
Theorem 3.12: Leth : (Z,7) — (R,p) ,q:(Z,7) — (Z X R, T X o) is the graph function
of h then : If h is A-map then q is K*-map .
Proof : Let h is A-map , to prove that g is K*-map . LetV X h(V) S Z X RwithV € Z ,h(V) €
R . Since h is A-map so h(V*?) € h(V)*M®  Then G(V*?) = V*? x h(V*%) € V*% x h(V)*M®
c (V x h(V))*@"@) by note (3.11) . Therefore q(V*?) € (q(V))*@ @)  Thus
qis K*-map .
Theorem 3.13 : Leth : (Z,7) — (R,p) ,q:(Z,1) > (ZXR,tx0a) .If qis KO*-map
then h is AO-map.
Proof : Let g is KO*-map, to prove that h is AO-map . LetV € Z,z € Z , since q is AO*-map ,
we have (q(V))*@"@) c q(V*?) if f (V x h(V))* @) € q(V*? x h(V*?)) , now by use note
(3.11) we get that V*Z x h(V)*"® < (V x h(V))*@rE) c v*2 x h(V*?) |
Therefore h(V)**® < h(V*#) . Thus h is AO-map .
Theorem 3.14 : Leth : (Z,7) — (R,p) ,q:(Z,t) = (ZXR,txX0a) ,then:hisI*-map
iff qisJ*-map.
Proof : Let h is I*-map to prove that g is J*-map . Let V <€ Z , it follows that q(V*?) =
V*? x h(V*%) , Since h is I"-map , so h(V*?) = [A(v)]"*® , which implies that q(V*%) =
V*Z x [h(v)]""® . Thus q is J*-map .
Conversely : LetV € Z , since q is J*-map , which is implies that g(V*?) = V*% x [h(v)]*"® ,
then , we have V*? x h(V*?) = V*? x [h(v)]*"*@ . Therefore h(V*?) = [A(v)]*"? . Thush is
I*-map .
Theorem 3.15 : Leth : (Z,7) — (R,p) ,q:(Z,t) = (ZXR,t X 0), then : his [""-map
iff qisJ**-map.
Proof : LetB € Randr € R, so we have that g(h~*(B*") x B*") = h=1(B*") , since h is I**-
map , it follows that hA~1(B*") = (h"1(B))*"" '™ Therefore q(h~1(B*") x B*") =
(R~1(B))*""'(™  Thus q is J**-map .
Conversely : To prove that his I**-map . Let B € R and r € R so by assumption we have
q(h"2(B*") x B*") = (h"1(B))™ '™ . But q(h~1(B*") x B*") = h~1(B*") , then we get that
h=1(B*) = (h"1(B))™" '™ Thus h is I**-map.
Theorem 3.16 : The function h from (Z, 1) topological space into (R,p ) topological space
and q: (Z,7) = (Z X R, T X 0),if qisJ*-map then g is K*-map .
Proof : Let g isJ*-map , to prove that g is K*-map . if f V € Zand z € Z , since q is J*-map , SO
we get that g(V*?) = V*? x [h(v)]""® |
c (V x h(V))*@hE) By note (3.11). Thus q is K*-map .
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Corollary 3.17 : If hisI*-map , then q is K*-map .

Proof : Let his I*-map , then by theorem (3.14) we have q is J*-map , and by above theorem
(3.16) implies that g is K*-map .

Remark 3.18 : the following diagram holds :

h : (Z,t) — (R,p)and G(h) is the graph function of k, then :

] K*-map graph
function

3.I. Diagram :The relationship between J*-map and K*-map graph
function .
Theorem 3.19 : The function h from (Z,t) topological space into (R,p) prefected
topological space , h is injective mapping, if h has w*-closed graph function then h has sem™*-
closed graph function .
Proof : Let z € Z and each r € R such that r # h(r) . By hypothesis h has w*-closed graph
function . So 3 K <€ Z containing z and 3 open L € R containingr St. (K XL) N
G(h) = @ . Ever since R is prefected space then L'" € L . Sowe get (K*”* X L") n G(h) =0 .
Thus h has sem™ — closed graph function.
Theorem 3.20 : The function h from (Z,1) prefected topological space into (R,p)
topological space , h is injective mapping, if h has ** — closed graph function then :
I. h is sem™ — closed graph function .
ii.h is sem™ — closed graph function .
lii.h is w* — closed graph function .
Proof :
i.Let z € Z and each r € R such that r # h(z) . By hypothesis h has ** — closed graph
function . So Fopen K € Z containing z and 3 open L € R containing r S.t. (K X
Tpr(L)) n G(h) =@ . But Z is prefected space , then K** € K . So we get that
(K**x L) n G(h) =@ . Thus h has sem* — closed graph function .
ii.The proof by the same way of proposition (2.8) .
lii.Let z € Z and each r € R such that r # h(z) . By hypothesis h has f** — closed graph
function . So Fopen K € Z containing z and 3 open L € R containing r S.t. (K X
Tpr(L)) n G(h) = @. Since Z is prefected space then K** < K , and we know that L <
“"pr(L) . Hence we get that (K** xL) n G(h) =@ . Thus h has w* — closed graph
function .
Theorem 3.21 : The function h from (Z,7) topological space into (R,p ) topological space ,
h is injective mapping , if h is B — closed graph function then h is * — closed graph
function .
Proof : Letz € Z and each r € R such that r # h(z) . By hypothesis h has ** — closed graph
function . So Iopen K S Z containing z and 3 open L € R containing r S.t. (K x
pr(L)) N G(h) = @. . Thus h has B* — closed graph function .
Theorem 3.22 : The function h from (Z,t) prefected  topological space into
(R,p)prefected topological space , h is injective mapping, if h is f* — closed graph
function then h is sem™ — closed graph function .
Proof : Letz € Z and each r € R such that r # h(z) . By hypothesis h is f* — closed graph
function . So 3 K < Z containing zand 3 L S R containingr St (K X “pr(L)) n
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G(h) = @. But Z is prefected so we get that K** € K . Therefore (K** X L") n G(h) =0 .
Thus h is sem™ — closed graph function .

Theorem3.23 : The function h from (Z,7) topological space into (R,p) prefected
topological space , h is injective mapping, if h is sem™ — closed graph function then h is
sem” — closed graph function .

Proof : Let z € Z and each r € R such that r # h(z). By hypothesis h is sem™ — closed graph
function . So 3 open K € Z containing z and 3 open L € R containing r S.t. (K™ X L) N
G(h) =@ .Thus h is sem™ — closed graph function .

Remark 3.24 : the following diagram holds . h : (Z,7) — (R,p)then:

B**-closed graph
function

\

e
w*-closed graph— | sem**-clogeﬁ/graph sem*\osed graph Wsed graph

function function function function

) Z is
prefected space .

* R is prefected space .
3.2 Diagram :The relationship between g* — closed , 8 — closed , w* — closed , sem* —
closed and sem™ — closed graph function.
Theorem 3.25 : The function h from (Z , ) topological space into (R, p ) topological space , h
is injective mapping, if h is a strongly closed graph function then f is f** — closed [resp. f* —
closed ] graph function .
Proof : Letz € Z and each r € R such that r # h(z). By hypothesis h is strongly closed graph
function . So 3 open K C Z containing z and 3 open L € R containing r S.t. (K XL) N
G(h) = @ . By proposition (2.9) we have “"pr(L) € L. So we get that (K X “"pr(L)) n G(h) =
@ . Thus h has B — closed [resp. B* — closed ] graph function .
Theorem 3.26 : The function h from (Z, t) topological space into (R, p ) perfect topological
space , h is injective mapping, if h has 8 — strongly closed graph function then h has g* —
closed [resp. f** — closed ] graph function .
Proof : Let z€Z and each r € R such that r # h(z) . By hypothesis f has 6 —
strongly closed graph  function . So 3 open K <€ Z containing z and 3 open L ©
R containingr St. (K xL)n G(h) =@ . we know that K € K . And by hypothesis R is
prefected space so “pr(L) < L . So we get that (K x “pr(L)) n G(h) = @ . Thus f has g* —
closed [resp. B** — closed ] graph function .
Theorem 3.27 : The function h from (Z , t) perfect topological spaceinto (R,p ) topological
space , h is injective mapping, if h is a strongly closed graph function then h has w* —
closed graph function .
Proof : Let z € Z and each r € R such that r # h(z). By hypothesis h has strongly closed graph
function . So 3 open K € Z containing z and 3 open L € R containingr St. (K XL) N
G(h) = @ . Since Z is prefected space we'll get K*2 € K , and we have L € L. we'll get
(K**x L) n G(h) =@ .Thus h has w* — closed graph function .

6|Page


https://scientifictrends.org/index.php/ijst

International Journal of Scientific Trends- (1JST)
ISSN: 2980-4299

Volume 2, Issue 3, March, 2023

Website: https://scientifictrends.org/index.php/ijst

Open Access, Peer Reviewed, Scientific Journal

Theorem 3.28 : The function h from (Z , 7) topological space into (R,p ) topological space , h
is injective mapping, if h has 6 — strongly closed graph function then h has w” —
closed graph function .
Proof : Let z€Z and each r € R such that r # h(z) . By hypothesis h has 6 —
strongly closed graph  function . So 3 open K € Z containing z and 3 open L <
R containing r S.t. (K x L) n G(h) = @ . By proposition (2.8) we've got K*2 € K . we'll get
(K**x L) n G(h) =@ .Thus h has w* — closed graph function .
Theorem 3.29 : The function h from (Z, t) perfect topological space into (R,p ) topological
space , h is injective mapping, if h is strongly closed graph function, then h is sem™ — closed
[resp. sem™ — closed ] graph function .
Proof : Let z € Z and each r € R such that r # h(z). By hypothesis h has strongly closed graph
function . So 3 open K € Z containing z and 3 open L € R containingr St. (K XL) N
G(h) = @ . By proposition (2.8) we've got L*" € L . And by hypothesis Z is perfected space so
K*c K . well get (K**%XL") N G(h)=0 . Thus h has sem™ — closed [resp. sem™ —
closed ] graph function .
Theorem 3.30 : The function h from (Z,t) topological space into (R,p ) perfect topological
space , h is injective mapping,, if h has 8 — strongly closed graph function then h has sem* —
closed [resp. sem™ — closed ] graph function .
Proof : Let z€Z and each r € R such that r # h(z) . By hypothesis h has 6 —
strongly closed graph  function . So 3 open K <€ Z containing z and 3 open L ©
R containing r S.t. (K X L) n G(h) = @ . By proposition (2.8) we've got K*2 € K . And by
hypothesis R is prefected space so L'" < L . we'll get (K** X L") n G(h) =@ . Thus h has
sem” — closed [resp. sem™ — closed ] graph function .
Remark 3.31 : the following diagram holds .Leth : (Z,7) — (R,p)then:

strongly closed graph

function
L | \\
® ~Q_

|

«
B**-closed graph B*-closed %ph w*-closed graph %*-closed graph sent™-closed graph
function - funct f‘ﬂnctlon / function = function

N strongly closed gra{z/

function
@ Z is prefected space .
* R is prefected space .
3.3 Diagram :The relationship between 6-strongly closed , strongly closed and new graph
function .
Theorem 3.32 : The injective A —map function h from topological space (Z,t) for I* —
T,space (R,o0) . Then G(h) is w*-closed graph , if (R, o) is strongly .
Proof : Let (z,r) € G(h) ,thenr %= h(z) since R is I* — T,space so there exists subsets L, , L, in

R such that h(z) ¢ Ly and r ¢ L™ with L*® n Ly = @ . Since R is strongly so h(z) €
L and r € Ly, with L"® and L3 are open subsets in R . But h is A-map, so 3K € Z
*h(z) *h(z)

containing z such that h(K**) € L; "’ . Since L; " N Ly = @ therefore h(K**) N Ly =@
Hence (K** X L3Y) N G(h) = @ . Thus G(h) is w* — closed graph .
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Theorem 3.33 : Leth : (Z,7) — (R,p) is bijective continuous function , R is Prefected ,
Hausdorff space , then G (h) is f** — closed graph .

Proof : Let (z,7) € G(h), thenr # h(z) since R is T,space so there exists open subsets L, , L,
in R such that h(z) e Lyandr € L, with Ly N L, =@ . And L; N ""pr(L,) = @ , because R is
prefected . By hypothesis h is continuous function so h=1(L;) = K is an open subset in Z .
Therefore (K x “"pr(L,)) N G(h) = @ . Thus G(h) is B*-closed graph .

Theorem 3.34 : A Bijective functionh : (Z,7) — (R,p), Z has strongly space, then Z is
Hausdorff space , if h has continuous and G (h) is w* — closed .

Proof : Let z; # z, € Z , then h(z;) # h(z,) and (z;,h(z;,)) & G(h) since G(h) is w*-closed
so there exists subset K in Z containing z; and open subset L in R containing h(z,) S.t.
h(K**1) n L = @, since Z is strongly so K*#t is an open subset in Z and containing z, . Since h
is continuous , so h~%(L) is an open subset containing z, in Z. Hence K** nh (L) =0 .
Therefore Z is Hausdorff space.

Corollary 3.35 : A Bijective function f from a prefected and strongly space X into a topological
space Y , then X is Hausdorff space , if f is continuous and G (f) is Strongly closed graph .
Proof : By theorem (3.27) G(f) is w*-closed . And by above theorem (3.34) X is Hausdorff space
Corollary 3.36 : A Bijective functionh : (Z,t) — (R,p), Z has strongly space, then Z is
Hausdorff space , if h is continuous and G (h) is 8 — Strongly closed graph .

Proof : By Th. (3.28) G(h) is m* — closed . And by theorem (3.34) Z is Hausdorff space .
Theorem 3.37 : A Bijective functionh : (Z,7) — (R,p), Z has strongly space, then R is
Hausdorff space , if h has open and G (h) is w* — closed .

Proof : Letr; # r, € R, then there exists z € Z such that h(z) =, . and (z,1,) € G(h) since
G(h) is w™ — closed so there exists subset K in Z containing x & open subset L in R contained
r, S.t. h(K**) N L = @, since Z is strongly so K** < Z open subset and h(K*#) is an open subset
containing r; in R because h is open mapping . Hence h(K**) N L = @ . Therefore R is Hausdorff
space .

Corollary 3.38 : A Bijective function h : (Z,t) — (R,p), Z has prefected strongly , then R
is Hausdorff space , if h is open and G (h) is Strongly closed graph .

Proof : By Th. (3.27) G(h) is w*-closed . And by above Th. (3.37) R is Hausdorff space .
Corollary 3.39 : A Bijective function f from a strongly space X into a topological space Y , then
Y is Hausdorff space , if f is open and G (f) is 8 —Strongly closed graph .

Proof : By theorem (3.28) G(f) is w*-closed . And by theorem (3.37) Y is Hausdorff space .
Theorem 3.40 : A Bijective function h : (Z,7) — (R,p), Z has strongly, then Z has
Hausdorff space , if h has I"™* — map and G(h) is sem™ — closed [resp. sem™ — closed ] .
Proof : Letz, # z, € Z , then h(z;) # h(z)and (z;,h(z,)) € G(h) . Since G(h) is sem™ —
closed So 3 K C Z containing z, and 3 L € R containing h(z,) S.t. h(K**) n L*"M#2) = ¢
.But his I**-map we'll get A=1(L*#)) = (h=1(L))*% ,s0 K**1 n (f~1(V))™> =@ .ButZis
a strongly space so K*?r and (h~1(L))*?2 are open subsets in Z with z; € K*** and z, €
(h~1(L))*?2 . Therefore Z is Hausdorff space.

Corollary 3.41 : A Bijective function h from a prefected and strongly space Z into a topological
space R , we'll get Z is Hausdorff , if h has I**-map and G (h) is Strongly closed graph .

Proof : By Th. (3.29) G(h) is sem*-closed . And by above Th. (3.40) Z is Hausdorff space .
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Corollary 3.42 : A Bijective functionh : (Z,t) — (R,p), Zhasstrongly, R prefected , then
Z has Hausdorff , if h has I**-map and G (h) is 8 — Strongly closed graph .

Proof : By Th. (3.30) G(h) is s*-closed . And by Th. (3.40) Z has Hausdorff.

Theorem 3.43 : A Bijective function h : (Z,7) — (R,p), R has strongly, then R is
Hausdorff space , if h has I*-map and G (h) is sem™ — closed [resp. sem™ — closed ] .

Proof : Letr, # r, € R, then there exist z € Z such that h(z) = r, , and (z,1,) & G(h) since
G (h) is sem™-closed so there exists a subset K in Z containing z and there exists a subset L in R
containing r, such that R(K*?) N L*"2 = @ . Because h is I*-map we'll get h(K*%) = (h(K))*"®
;50 (h(K)™@ n L2 =@ .ButR isastrongly space so (h(K))**® and L*"2 are open subsets
in R with r; € (h(K))**® and r, € L*"> . Therefore R is Hausdorff space .

Corollary 3.44 : A Bijective function h : (Z,t) — (R,p), Zhas prefected , R strongly, then
R is Hausdorff space , if h has I*-map and G (h) is Strongly closed graph .

Proof : By Th. (3.29) G (h) is sem™-closed . And by above Th. (3.43) R is Hausdorff.

Corollary 3.45 : A Bijective function h : (Z,7) — (R,p), Rhas prefected & strongly, then
R is Hausdorff , if h has I*-map and G (h) is 8 — Strongly closed graph .

Proof : By Th. (3.30) G(h) is sem*-closed . And by Th. (3.43) R is Hausdorff space .

Theorem 3.46 : A Bijective functionh : (Z,7) — (R,p), Zhas prefected, then Z has I* —
T,space , if G(h) has B*-closed [ resp. B**-closed ] .

Proof : Let z; # z, € Z ,then h(z,) # h(zy)and (z;,h(z,)) &€ G(h) .Since G(h) is f**-closed
So 3 open K € Z containing z, and 3 open L € R containing h(z,) St h(K)nNn

*MZ2)pr(L) = @ . But Z has a perfected space , so K = ““pr(K) and h~! [*h(ZZ)pr(L)] =
““2pr(h! [*h(ZZ)pr(L)]) . Hence ™“pr(K) n™“pr(h7t [*h(zz)pr(L)]) =0 with 2z, ¢
“ipr(K) and z; & “*pr(h! [*h(ZZ)pr(L)]) . Therefore Z is I* — T,space .

Corollary 3.47 : A Bijective functionh : (Z,7) — (R,p), Z has prefected , then Z is I* —
T,space , if G(h) is Strongly closed graph.

Proof : By Th. (3.25) G(h) is B*-closed . And by above Th. (3.46) Z has I* — T,space .
Corollary 3.48 : A Bijective functionh : (Z,7) — (R,p), Z, R are prefected , then Z is
I — T,space , if G(h) has 8 — Strongly closed graph .

Proof : By Th. (3.26) G (h) is g*-closed . And by Th. (3.46) Z has I* — T,space .

Theorem 3.49 : A Bijective functionh : (Z,7) — (R,p),thenZisI* —T,space , if his
I"*-map and G (h) has sem™-closed [resp. sem™*-closed ] graph function .

Proof : Let z; # z, € Z , then h(z;) # h(z,)and (z1, h(z,)) € G(h). Since G(h) is sem*-closed
So 3 K S Zcontaining z; and 3 L € R containing h(z,) St. h(K*Z) n L") = ¢ |
Since h is I"*-map so we get that h=1(L""2)) = (h=%(L))*?> , which implies that K*?* N
(h~Y(L))*#2 = ¢ , with z; € K*** and z, & (h~*(L))**2 . Therefore Z is I* — T,space .
Corollary 3.50 : A Bijective functionh : (Z,7) — (R,p), Z has prefected , then Z is I* —
T,space , if h has I"*-map and G (h) is Strongly closed graph.

Proof : By Th. (3.29) G(h) is sem*-closed . And by above Th. (3.49) Z is I — T,space .
Corollary 3.51 : A Bijective functionh : (Z,7) — (R,p), R has prefected , then Z is I* —
T,space , if h has I**-map and G (h) is 8 — Strongly closed graph .

Proof : By Th. (3.30) G(h) is sem*-closed . And by Th. (3.49) Z is I* — T,space .
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Theorem 3.52 : A Bijective functionh : (Z,7) — (R,p), R has prefected ,thenRisI* —
T,space , if G(h) is f*-closed [ resp. f**-closed ] .

Proof: Letr; # r, € R ,then 3z € Z suchthat h(z) = r; and (z,1,) € G(h) . Since G(h) is B*-
closed 3 open K € Z containing z and 3 open L € R containing r, S.t. h(K) n "pr(L) =
@ . But R is a perfected space , so h(K) = "pr(h(K)) . Hence "pr(h(K)) n "pr(L) = @
withr, & "2pr(L) and r, € "*pr(h(K)) . Therefore R is I* — T,space .

Corollary 3.53 : A Bijective functionh : (Z,7) — (R,p), R has prefected ,thenRisI* —
T,space , if G(h) is Strongly closed graph [6 —Strongly closed graph] .

Proof : By Th. (3.25)[ (3.26) ] G(h) is B*-closed . And by above Th. (3.52) R is I* — T,space .
Theorem 3.54 : A Bijective functionh : (Z,t) — (R,p), Z has prefected ,thenRis[* —
T,space , if his I*-map and G (h) is f* — closed [ resp. B** — closed ] .

Proof : Letr, # 1, €R , then 3z € Z such that h(z) =r, . Since G(h) is B*-closed so 3
open K € Z containing z and 3 open L S R containing r, S.t. h(K) n "*pr(L) = ¢ . ButR
is a perfected space and h is I*-map then by Th. (2.1.14) , we have h(K) = "*pr(h(K)) . Hence
Tipr(h(K)) N pr(l) = @ with r; ¢ "?pr(L) and r, € "*pr(h(K)) . Therefore R is I* —
T,space .

Corollary 3.55 : A Bijective functionh : (Z,7) — (R,p), Z has prefected , then Ris I* —
T,space , if hisI*-map and G (h) is Strongly closed graph .

Proof : By Th. (3.25) G(h) is B*-closed . And by above Th. (3.54) R is I* — T,space .
Corollary 3.56 : A Bijective function h : (Z,t) — (R,p),Z; R have prefected , then R is
I* — T,space , if fhisI*-map and G(h) is & —Strongly closed graph .

Proof : By Th. (3.26) G (h) is f*-closed . And by above Th. (3.54) Y is I* — T,Space .

Theorem 3.57 : A Bijective function h : (Z,7) — (R,p),thenRisI* — T,space, if hisI*-
map and G (h) is sem*-closed [resp. sem™*-closed ] graph function .

Proof : Letr; #r, € R, then 3 z € Z such that h(z) = r;and (z,1,) € G(h) . Since G(h) is
sem” -closed 3 K C Z containing z and 3 L € R containingr, St. h(K*)NL"2 =@ .
Since h is I*-map so we get that h(K**) = (h(K))*™ , which implies that (h(K))"* N L2 =@
,withr; € L*"2 and r, € (h(K))*™ . Therefore R is I* — T,Space .

Corollary 3.58 : A Bijective function h : (Z,7) — (R,p), Z has prefected , thenRisI* —
T,space , if his I*-map and G (h) is Strongly closed graph .

Proof : By Th. (3.29) G(h) is sem*-closed . And by above Th. (3.57) R is I* — T,Space .
Corollary 3.59 : A Bijective functionh : (Z,7) — (R,p), R has prefected ,thenRisI* —
T,space , if hisI*-map and G (h) is 8 —Strongly closed graph .

Proof : By Th. (3.30) G (h) is sem™-closed . And by above Th. (3.57) R is I* — T,space .
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